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The following contains the scoring guidelines 
for the free-response questions in this exam. 
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Question 1

At time 0t =  minutes, a tank contains 100 liters of 
water. The piecewise-linear graph above shows the rate 
( )R t ,  in liters per minute, at which water is pumped into 

the tank during a 55-minute period. 

(a)   Find ( )45R′ . Using appropriate units, explain 
the meaning of your answer in the context of 
 this problem. 

(b)   How many liters of water have been pumped into 
the tank from time 0t =  to time 55t =  minutes? 
Show the work that leads to your answer. 

(c)   At time 10t =  minutes, water begins draining from the tank at a rate modeled by the function D, where 
( ) ( )sin 1010 tD t e=  liters per minute. Water continues to drain at this rate until time 55t =  minutes. 

How many liters of water are in the tank at time 55t =  minutes? 

(d)   Using the functions R and D, determine whether the amount of water in the tank is increasing or 
decreasing at time 45t =  minutes. Justify your answer. 

(a) ( ) 30 0 345 35 55 2R −′ = = −
−

The rate at which water is being pumped into the tank 

is decreasing at 23  liters/min2  at 45t =  minutes.

( ) 1 : 
2 : 

 1 : explanatio
5

n
4R′­

®
¯

(b) ( )
55

0
10 30 120 15 30 20 302R t dt += + +∫ · · · ·2

400 450 300 1150= + + =
{ 1 : sum of areas

2 : 
 1 : answer

(c) ( )55 sin 10
10

Amt 100 1150 10 te dt−= + ∫
1250 450.275371 799.725 (or 799.724)=−=

 1 : integral
3 :  1 : expression for water in the tank

 1 : answer

­
°
®
°̄

 

(d) ( )45 15R =
( )45 10.88815D =

At time 45t =  minutes, the rate of water pumped into 
the tank is greater than the rate of water draining from  
the tank. Therefore, the amount of water in the tank is 
increasing at time 45t =  minutes.

2 : answer with justification
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Question 2 

The figure above shows the graph of the polar equation 

( ) ( )2 sin 4 cosr T T= + +  for 0 2
STd d .  The derivative of r with 

respect to T  is given by ( ) ( ) ( )4cos 4 sinr T T′ T= − .

(a)   Find the area of the region bounded by the graph of r and the lines 

0T =  and 2
ST = .

(b)   Find the area of the region in the first quadrant that is outside 
the graph of ( ) ( )2 sin 4 cosr T T= + +  but inside the graph of 
the circle of radius 2 centered at the origin. 

(c)   Find the value of T  in the interval 0 2
STd d  that corresponds to the point on the curve 

( ) ( )2 sin 4 cosr T T= + + with greatest distance from the origin. Justify your answer. 

(a)
0

1 S 2
Area = (2 + sin (4T T) + cos( ))2 dT2 ∫

= 6.194 (or 6.193)
{ 1 : integrand

2 : 
 1 : answer

(b) ( ) ( )sin 4 cos 2 0.9424782 T T T+ = � =+
Let 0.942478c =

( ) ( )( )22 sin 4 coAre s2a 22
c

dT T Tª= − +¬ + ¼∫
21 S

0.4 65=

º

 1 : value of 
4 :  2 : integrand

 1 : answer

T­
°
®
°̄

(c) ( ) ( ) ( )4cos 4 sin 0r T T T′ = − =
0.370064, 1.237726T� =

T ( )r T
0 3

0.370064 3.928208
1.237726 1.355256

2S 2

0.370T =  corresponds to the point on the curve with the 
greatest distance from the origin. 

{ 0.370 as a cand 1 : identifies 
3 : 

 2 : answer with justifi
idate

cation
T =
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Question 3 

t 
(seconds) 0 3 5 8 12

( )k t  
(feet per second)

0 5 10 20 24

Kathleen skates on a straight track. She starts from rest at the starting line at time t = 0.  For 0 12t� d  seconds, 
Kathleen’s velocity k, measured in feet per second, is differentiable and increasing. Values of ( )k t  at various 
times t are given in the table above. 

(a)   Use the data in the table to estimate Kathleen’s acceleration at time 4t =  seconds. Show the computations 
that lead to your answer. Indicate units of measure.

(b)   Use a right Riemann sum with the four subintervals indicated by the data in the table to approximate 

( )
12

0
k t dt∫ .  Indicate units of measure. Is this approximation an overestimate or an underestimate for

the value of ( )
12

0
k t dt∫ ?  Explain your reasoning.

(c)   Nathan skates on the same track, starting 5 feet ahead of Kathleen at time 0t = .  Nathan’s velocity, in feet 

per second, is given by ( ) 150 50
3

tn t et
−= −

+
.  Write, but do not evaluate, an expression involving an integral 

that gives Nathan’s distance from the starting line at time 12t =  seconds. 

(d)   Write an expression for Nathan’s acceleration in terms of t. 

(a)(a) ( ) 210 5 5  ft/sec
5 3 2

4a −| =
−

 1 :{  estimate
2 : 

 1 : units

(b) ( ) ( )( ) ( )( ) ( )( ) ( )( )
12

0
5 3 10 2 20 3 24 4 191 feetk t dt | + + + =∫

This approximation is an overestimate since a right Riemann sum 
is used and the function k is increasing. 

 1 : right Riemann sum
3 :  1 : approximation with units

 1 : overestimate with reason

­
°
®
°̄

 

(c) ( ) ( )
12

0
12 5 n t dts = + ∫ { 1 : integral

2 : 
 1 : answer

(d) ( ) ( )( )( ) ( )2150 1 3 50 1tn t et − −= − +′ − −

( )2
150 50

3
te

t
−+−

+
=

( )2 : n t′
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Question 4 

In a national park, the population of mountain lions grows over time. At time 0t = ,  where t is measured 
in years, the population is found to be 20 mountain lions. 

(a)   One zoologist suggests a population model P that satisfies the differential equation ( )1 2204
dP Pdt = − .

Use separation of variables to solve this differential equation for P with the initial condition ( )0 20P = .

(b)   A second zoologist suggests a population model Q that satisfies ( )1 220500
dQ Qdt = − Q .  Find the value of 

dQ
dt  at the time when Q grows most rapidly.

(c)   For the population model Q introduced in part (b), use Euler’s method, starting at 0t =  with two steps of 
equal size, to approximate ( )10Q .  Show the computations that lead to your answer. 

(a) ( )1 2204
dP Pdt = −

1
220 4
dP dtP =
−

´
¶ ∫

1ln 220 4P t C− − = +

( )Because 0 20, 220, 220 220 .o sP P P= � − = − P

( ) ( )1ln 220 20 0 ln 2004 C C− − = + � = −

4220 200 tP e−− =
4220 20 ,0 0te tP −= − t

 1 : separation of variables
 1 : antiderivatives

5 :  1 : constant of integration
 1 : uses initial condition
 1 : solves for P

­
°
°
®
°
°
¯

Note:  max 2 5  [1-1-0-0-0] if no 
           constant of  integration 

Note: 0 5  if no separation of variables 

(b) Q satisfies a logistic differential equation with carrying 

capacity 220. Q grows most rapidly when 220 1102Q = = .
2

110

110 121
500 5Q

dQ
dt =

= =

{ 110 1 : 
2 : 

 1 : answer
Q =

 

(c) ( ) 020Q =

( ) ( )( )1 20 200 85000Q = =′

( ) ( )( )5 20 8 5 60Q | + =

( ) ( )( )1 965 60 220 60500 5Q′ | − =

( ) ( )( )9610 60 5 1565Q | + =

{ 1 : Euler’s method with two steps
2 : 

 1 : answer
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Question 5

Let R be the region in the first quadrant enclosed by the graphs 

of ( )g x x=  and ( ) 3
xh x = ,  as shown in the figure above. 

(a)   Find the area of region R. 

(b)   Write, but do not evaluate, an expression involving one or 
more integrals that gives the volume of the solid generated 
when R is revolved about the horizontal line 4y = .  

(c)   Find the maximum vertical distance between the graph 
of g and the graph of h between 0x =  and 16x = .  
Justify your answer. 

(a) ( ) º
»¼

9
3 2

0 0

2
9 2 1

3 3 6Area xx dx x x− ª= = −«¬
µ́
¶
2 1 927 813 6 2− == · ·

 1 : integrand
3 :  1 : antiderivative

 1 : answer

­
°
®
°̄

(b) ( ) ( )
9 2 2

0
4Vo ume 43l x x dxS

ª
− −= −«

¬

´
µ
¶

º
»
¼

{ 2 : integrand
3 : 

 1 : limits and constant

(c) Consider the function ( ) 3D x xx= − .

1( ) 1 2 1 1 1D x′ = x− − = −2 3 2 x 3

( ) 90 4D x x′ = � =

x ( )D x Distance 
between graphs

0 0 0
9
4

3
4

3
4

16 4
3− 4

3

The maximum vertical distance between the graph of g 

and the graph of h between 0x =  and 16x =  is 4
3 .

( ) 0
9  as a candidate

 1 : sets 

3 :  1 : identifies 

 1 : answer and justificati
4

on

D x

x

­
°°
®

′ =

=
°
°̄
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Question 6

The Maclaurin series for a function f is given by
2 3

.3 4 5 2

nx x x x
n+ + + + +
+

! !  

(a)   Use the ratio test to find the interval of convergence of the Maclaurin series for f. 

(b)   Let g be the function given by ( ) ( )2g x f= − x .  Find the first three terms and the general term of the 
Maclaurin series for g. 

(c)   The first two terms of the Maclaurin series for f are used to approximate ( )0.1f .  Given that ( ) 2f x′′′ d  
for 0 0.1xd d ,  use the Lagrange error bound to show that this approximation differs from ( )0.1f  by at 

most 1
3000

.

(a) Let na  be the nth term of the Maclaurin series. 

( )1
1 2 2

3 3
n

n
nn

xa x n n
a n nx

+
+ + +=

+ +
= · ·  

( )2lim 3n
n
n x x

of
+
+

=·

1 1 1x � � − � �x
The series converges when 1 1.x− � �  

When 1,x = −  the series is 1 1 1 1 .3 4 5 6+ − + −− !

This series converges by the alternating series test. 

When 1,x =  the series is 1 1 1 1 .3 4 5 6+ + + +!

This series diverges since it is a harmonic series. 

Therefore, the interval of convergence is .1 1x− d �  

 1 : sets up ratio
 1 : computes limit of ratio
 1 : identifies interior of

5 : 
      interval of convergence
 1 : considers both endpoints
 1 : analysis and interval of convergence

­
°
°
°
®
°
°
°
¯

(b) The first three terms are 
( ) ( )2 3

2 32 22 2 8
3 4 5 .3 5

x xx x x x− −− + + = − + −

The general term is ( )2 .2

nx
n
−
+

{ 1 : first three terms
2 : 

 1 : general term

(c)
( ) ( )0 0.1

3max 1 2 1 1
3Er ! 10 6 1000 3000ror x
f x

d d d
′′′

d · · = { 1 : form of the error bound
2 : 

 1 : analysis
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